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1. Introduction
In this paper we study fully residually free pro-p groups. There are no known to us other papers
on residual freeness of pro-p groups though the same property for abstract groups is very well under-
stood. The study of abstract residually free groups started in [2] where some examples of residually
free groups were given. Later on in [1] the class of fully residually free abstract groups was dis-
cussed and shown that it coincides with the class of residually free abstract groups that are transitive
commutative. An abstract group is residually free if it embeds in a ﬁnite direct product of abstract
fully residually free groups [4, Corollary 19]. The study of fully residually free abstract groups was
continued by O. Kharlampovich, A. Myasnikov, V. Remeslennikov and Z. Sela and ﬁnally lead to the
classiﬁcation of fully residually free groups, nowadays commonly refered to as limit groups, and to
the answer of the Tarsky problem by O. Kharlampovich and A. Myasnikov [9] and independently by
Z. Sela [12].
✩ Both authors are partially supported by “bolsa de produtividade em pesquisa” from CNPq, Brazil.
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as analogues of limit groups via extension of centralizers. The approach in [6] is to study ﬁnitely
generated pro-p subgroups of pro-p groups obtained from free pro-p groups of ﬁnite rank by ﬁnitely
many extensions of centralizers. This approach uses substantially the theory of pro-p groups acting on
pro-p trees developed by O. Melnikov, L. Ribes, P. Zalesskii. In the abstract case the Bass–Serre theory
of abstract groups acting on abstract trees is an important tool to study homological properties of
subdirect products of limit groups [3]. In [6] it was shown that the pro-p groups of the class L are
residually torsion-free polyprocyclic and the question was asked whether the groups of the class L
are residually free pro-p or residually torsion-free nilpotent pro-p.
One of the main results of [2] is that for a free abstract group F of ﬁnite rank and a cyclic sub-
group C of F that is selfcentralized the free amalgamated product F ∗C (C × Z) is residually free. The
proofs in [2] use the fact that in an abstract group any element is a ﬁnite word on the generators
and their inverses, a fact that does not hold in the pro-p case. Here we show that the same result as
in [2] holds in the pro-p case under some restriction on the generator of the amalgamated procyclic
group Zp , see Theorem 4.1. This enables us to deduce that the pro-p completion Gd of an orientable
surface group of even genus d is residually free pro-p, see Corollary 5.1. In the case p = 2 we obtain
the same result without restriction on the genus d, see Corollary 5.2. In both cases the considered
pro-p surface groups are in the class L deﬁned in [6].
In the ﬁnal section we observe that the characterization of fully residually free groups from [1]
holds in the pro-p case and since the groups of the class L are transitive commutative we obtain that
Gd is fully residually free pro-p if d is even or p = 2, see Theorem 7.3.
We thank Alexei Krassilnikov for his suggestion that help shortening the proof of Lemma 2.1.
2. On lower central series of free abstract and pro-p groups
Denote by ⊗ the standard abstract tensor product and if not otherwise stated it is over Z. Let
M be an abelian group. Then there is a standard action of the symmetric group Si on
⊗i M given
by permuting the components of the tensor product i.e. for α ∈ Si we have α(m1 ⊗ · · · ⊗ mi) =
mα(1) ⊗ · · · ⊗mα(i) .
Denote by {γi(H)}i the lower central series of a group H . In the case of a pro-p group H by
deﬁnition the terms of the lower central series are closed subgroups.
Lemma 2.1. Let K be a free abstract group of ﬁnite rank with abelianization M = K/γ2(K ). Then there is a
natural embedding of γi(K )/γi+1(K ) in
⊗i M that sends the class of the left normed commutator [k1, . . . ,ki]
to λi(m1 ⊗ · · · ⊗mi) for some ﬁxed λi ∈ ZSi that depends only on i but not on M and every m j ∈ M is the
image of k j ∈ K in M.
Proof. Consider the free Lie ring L over Z with L/[L, L]  M and deﬁne inductively γ1(L) = L,
γi+1(L) = [γi(L), L]. Set Li = γi(L)/γi+1(L). By [7, Theorem 5.12]
γi(K )/γi+1(K )  Li, hence M  L1.
Note that L embeds in the free associative algebra B on n variables x1, . . . , xn , where n is the rank
of F , so n is the rank of M as a free Z-module. More precisely L is the Lie subring of B(−) generated
by x1, . . . , xn . Then Li is isomorphic to the Z-submodule of L spanned by homogeneous Lie monomials
of degree i. Any left normed Lie commutator [l1, l2, . . . , li], where l1, . . . , li ∈ X = {x1, . . . , xn} can be
written as a linear combination with coeﬃcients 1 or −1 of 2i−1 monomials lπ(1) . . . lπ(i) for some
π ∈ Si , so
[l1, l2, . . . , li] = λi(l1 . . . li)
for some λi ∈ ZSi that depends only on i. This gives the embeding of Li  γi(K )/γi+1(K ) in ⊗i M
that sends the left normed commutator [k1, . . . ,ki] to λi(m1 ⊗ · · · ⊗mi) where mj ∈ M is the image
of k j ∈ K in M for 1 j  i. 
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Corollary 2.2. Let F be a free pro-p group of ﬁnite rank with abelianization A = F/γ2(F ). Then there is a
natural embedding of γi(F )/γi+1(F ) in
⊗̂i A sending the class of the left normed commutator [ f1, . . . , f i] to
λi(a1 ⊗̂ · · · ⊗̂ ai) for some ﬁxed λi ∈ ZSi that depends only on i but not on A, where every a j is the image of
f j ∈ F in A.
Proof. Let K be a free abstract group such that F is the free pro-p completion of K i.e. K and F
have the same basis as free objects. Then γi(F )/γi+1(F ) is a free Zp-module that is topologically and
abstractly ﬁnitely generated. Furthermore
γi(F )/γi+1(F ) 
(
γi(K )/γi+1(K )
)⊗Z Zp .
In particular
A = F/γ2(F )  M ⊗Z Zp, where M = K/γ2(K ).
Then (⊗
iM
)
⊗Z Zp 
⊗
i
Zp
(M ⊗Z Zp) =
⊗
i
Zp
A 
⊗̂
i
Zp
A, (2.1)
where the last isomorphism follows from the fact that A is topologically and hence abstractly ﬁnitely
generated as Zp-module. Then the corollary follows directly from Lemma 2.1. 
By going to inverse limit we see that the previous corollary holds if F is a free pro-p group with
inﬁnite basis.
Corollary 2.3. Let F be a free pro-p groupwith abelianization A = F/γ2(F ). Then there is a natural embedding
of γi(F )/γi+1(F ) in
⊗̂i A sending the class of the left normed commutator [ f1, . . . , f i] to λi(a1 ⊗̂ · · · ⊗̂ ai)
for some ﬁxed λi ∈ ZSi that depends only on i but not on A, where every a j is the image of f j ∈ F in A.
3. Fox derivatives and relation modules
We start with two simple lemmas. The simple commutator [x, y] denotes x−1 y−1xy. For a subset
V of a pro-p group we denote by 〈V 〉 the closed subgroup generated by V .
Lemma 3.1. Let G be a pro-p group and g be an element of G. If g ∈ 〈[g,G]G〉 then g = 1.
Proof. Substituting the inclusion g ∈ 〈[g,G]G〉 in itself i times we get g ∈ 〈[g,G, . . . ,G]G 〉 where
the commutator has length i + 1. Thus g ∈⋂i γi(G) = 1, where {γi(G)}i is the lower central series
of G . 
Lemma 3.2. Let F be a free pro-p group with a basis x1, . . . , xm and y be an element of F such that y =
[x1, x2]t and t belongs to the pro-p subgroup Fm−1 of F generated by x2, . . . , xm. Then the image of x2 in
G = F/〈y〉F either has inﬁnite order or is trivial.
Proof. Assume that the image of x2 has ﬁnite order in G = F/〈y〉F . Let S be the quotient of G by the
normal closed subgroup generated by [x2, x1], [x2, x3], . . . , [x2, xm] and let K = 〈x2〉× F (x1, x3, . . . , xm),
where F (x1, x3, . . . , xm) is a free pro-p group with a basis x1, x3, . . . , xm and 〈x2〉 is inﬁnite procyclic.
Then S is the quotient of K by the normal closed subgroup generated by the image tK of t in K .
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t ∈ 〈x2〉
〈[x2, F ]F 〉∩ Fm−1 = 〈x2〉〈[x2, Fm−1]Fm−1 〉. (3.1)
Put T = 〈xp2 〉[Fm−1, Fm−1].
Suppose ﬁrst that t ∈ T . Let B be the quotient of G by the normal closed subgroup generated by
the images of x3, . . . , xm . Then B has two generators x1 and x2 and one relation [x1, x2]λt where λt is
the image of t in B . Since t ∈ T we have λt ∈ 〈xp2 〉. Then B is Zp-by-Zp and x2 has an inﬁnite image
in B , a contradiction.
Suppose now that t /∈ T . Then by (3.1)
x2 ∈ 〈t〉
〈[x2, Fm−1]Fm−1 〉. (3.2)
We use overlining for the images of elements in G . By (3.2)
x¯2 ∈ 〈t¯〉
〈[x¯2,G]G 〉= 〈[x¯2,G]G 〉.
Then by Lemma 3.1 x¯2 = 1. 
Lemma 3.3. Let F be a free pro-p group with a basis x1, . . . , xm, C be the closed subgroup of F generated by
an element y of F such that y = [x1, x2]t, t belongs to the pro-p subgroup of F generated by x2, . . . , xm and
the image of x2 in F/〈y〉F is non-trivial. Let
π j : F → K j = F/
〈
yp
j 〉F
be the canonical projection and R j be the abelianization of Ker(π j). Then there is an isomorphism of right
Zp[[K j]]-modules
R j  Zp ⊗̂Zp[[C j]] Zp[[K j]],
where C j = π j(C) and the action of K j on R j is induced by the action of F on R j via conjugation.
Proof. Consider the exact sequence
0 → R j ∂2−→
⊕
1im eiZp[[K j]] ∂1−→ Zp[[K j]] ∂0−→ Zp → 0,
where the map ∂0 is augmentation, eiZp[[K j]] is a free cyclic Zp[[K j]]-module, ∂1(ei) = π j(xi) − 1 ∈
Zp[[K j]] and ∂2 is given by Fox derivatives. Namely, there are free Fox derivatives i.e. continuous maps
∂
∂xi
: F → Zp[[F ]]
given by
∂
∂xi
( f1 f2) = ∂
∂xi
( f2) +
(
∂
∂xi
( f1)
)
f2 and
∂
∂xi
(x j) = δi, j for f1, f2 ∈ F , 1 i, j m,
where δi, j = 1 if i = j and 0 otherwise. We denote by the same letter π j the extension of π j to a
ring homomorphism Zp[[F ]] → Zp[[K j]]. Then for f ∈ Ker(F → K j) and for the image r of f in R j we
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∂2(r) =
∑
1im
eiπ j
(
∂
∂xi
( f )
)
.
Note that R j  ∂2(R j) is a cyclic Zp[[K j]]-module generated by
∑
1im
eiπ j
(
∂
∂xi
(
yp
j ))
.
Since y = [x1, x2]t where t belongs to the pro-p subgroup of F generated by x2, . . . , xm we have
π j
(
∂
∂x1
(
yp
j ))= π j
(
∂
∂x1
(y)
) ∑
0sp j−1
π j(y)
s
and
π j
(
∂
∂x1
(y)
)
= π j
(
∂
∂x1
([x1, x2]))π j(t) = (1− π j(xx12 )−1)π j(x2)π j(t).
Let λ ∈ annZp [[K j ]](R j), so for every 1 i m we have in Zp[[K j]]
π j
(
∂
∂xi
(
yp
j ))
λ = 0.
In particular
0 = π j
(
∂
∂x1
(
yp
j ))
λ = (1− π j(xx12 )−1)π j(x2)π j(t)
( ∑
0sp j−1
π j(y)
s
)
λ. (3.3)
By Lemma 3.2 π0(x2) has inﬁnite order in K0, hence π j(x2) has inﬁnite order in K j , so π j(x
x1
2 )
has inﬁnite order in K j . Then by [5, Proposition 2] (1−π j(xx12 )−1) is not a zero divisor of Zp[[K j]], so
by (3.3)
0 =
( ∑
0sp j−1
π j(y)
s
)
λ.
Finally let M = μ(K j/C j) where μ : K j/C j → K j is a continuous section of K j → K j/C j = {C j g}g∈K j
and thus M is a proﬁnite space but not a proﬁnite group. Recall that C j = 〈π j(y)〉  Zp/p jZp . Then
Zp[[K j]] =⊕0ip j−1 π j(y)iZp[[M]]. It follows that
λ =
∑
0ip j−1
π j(y)
iλi for some λi ∈ Zp[[M]].
In particular
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( ∑
0sp j−1
π j(y)
s
)
λ =
( ∑
0sp j−1
π j(y)
s
)
.
( ∑
0ip j−1
π j(y)
iλi
)
=
( ∑
0ip j−1
π j(y)
i
)
.
( ∑
0ip j−1
λi
)
,
hence
∑
0ip j−1 λi = 0 and so
λ =
∑
0ip j−1
π j(y)
iλi =
∑
0ip j−1
(
π j(y)
i − 1)λi ∈ (π j(y) − 1)Zp[[K j]].
Thus
annZp[[K j ]](R j) ⊆
(
π j(y) − 1
)
Zp[[K j]].
Since the converse inclusion is obvious we obtain
annZp[[K j ]](R j) =
(
π j(y) − 1
)
Zp[[K j]].
This completes the proof. 
4. A general embedding
Let F = F (x1, . . . , xm) be a free pro-p group of ﬁnite rank m with free generators x1 . . . xm , G =
F
∐
C A, where A = C×M , C = 〈y〉 and M = 〈z〉  Zp such that y is of the form y = [x1, x2]t , t belongs
to the pro-p subgroup of F generated by x2, . . . , xm .
For every positive integer j ﬁx a copy F j of F and denote by
π j :
∏
i1
Fi → F j
the canonical projection.
Theorem 4.1. Let
θ : G →
∏
j1
F j
be the homomorphisms of pro-p groups such that
π jθ : G → F j
is the identity map on F and sends z to yp
j
. If the image of x2 in F/〈y〉F is non-trivial, then θ is injective.
Proof. 1. The map ρ .
Let H be the normal closure of z in G i.e. the smallest closed normal subgroup of G containing z.
Then by the pro-p version of the Kurosh Subgroup Theorem [8, Theorem 5.6]
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∐
q∈W
〈z〉q,
where W = δ(F/C), δ : F/C → F is a continuous section of the canonical projection map F → F/C ,
F/C = {Cg}g∈F and so W is a proﬁnite subspace of F but not a proﬁnite subgroup of F . Note that
〈z〉q  〈z〉  Zp,
so H is a free pro-p group. The map θ restricts to the map
ρ = θ |H : H → M0 :=
∏
j1
〈
yp
j 〉F j
.
2. The map ρ1.
Let
K j = F j/
〈
yp
j 〉F j
and R j be the abelianization of the kernel of the canonical projection
F j → K j
i.e. R j is a relation module of K j . Then by the description of W the map ρ induces a map on the
abelianizations of both H and M0
ρ1 : zZp[[F/C]] →
∏
j1
R j,
where zZp[[F/C]] is a free cyclic right pro-p Zp[[F/C]]-module with a free generator z. As every K j
is 1-related the relation module R j is a cyclic right pro-p Zp[[K j]]-module. We think of R j as a right
pro-p Zp[[F j]]-module via the canonical projection F j → K j .
By Lemma 3.3 for every j  1 we have
R j  Zp ⊗̂Zp [[C j]] Zp[[K j]],
where C j is the image of C in K j via the canonical projection. Then
R j  Zp ⊗̂Zp [[N j]] Zp[[F ]]  Zp[[F/N j]],
where N j is the closed subgroup of F j = F generated by C and 〈yp j 〉F and F/N j = {N j g}g∈F is a
proﬁnite space.
3. The map ρ1, j .
Deﬁne
ρ1, j : zZp[[F/C]] → Zp[[F/N j]],
as the map θ jρ1 after identifying Zp[[F/N j]] with R j , where θ j is the projection of ∏ R j to R j .
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ρ1, j(z) = 1¯.
4. The maps ρ i and μi .
Let
ρi : γi(H)/γi+1(H) →
∏
j1
γi
(〈
yp
j 〉F j )
/γi+1
(〈
yp
j 〉F j )
be the map induced by ρ . By Corollary 2.3 there is λi ∈ ZSi such that
γi(H)/γi+1(H)  λi
(⊗̂
i (H/[H, H]))= λi(⊗̂i (zZp[[F/C]]))
and
γi
(〈
yp
j 〉F j )
/γi+1
(〈
yp
j 〉F j ) λi(⊗̂i R j).
Then the map
ρi : λi
(⊗̂
i(zZp[[F/C]]))→∏
j1
λi
(⊗̂
i R j
)
extends to a map
μi :
⊗̂
i(zZp[[F/C]])→∏
j1
⊗̂
i R j.
The map μi combined with the projection on jth coordinate of the direct product
∏
j1
⊗̂i R j is the
map
μi, j =
⊗̂
i ρ1, j :
⊗̂
i
Zp
(
zZp[[F/C]]
)→⊗̂i R j =⊗̂i Zp[[F/N j]].
5. ρ is injective.
Note that C is the intersection
⋂
α1 Nα and Zp[[F/C]] is the inverse limit of Zp[[F/Nα]]. Then
⋂
α>0
Ker
(⊗̂
i
Zp[[F/C]] →
⊗̂
i
Zp[[F/Nα]]
)
= 0
and so
⋂
j1
Ker(μi, j) = 0. (4.1)
Thus μi and ρi are injective for every i and so ρ is injective.
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Let
θ˜ : F = G/H →
∏
j1
F j/
〈
yp
j 〉F j
be the map induced by θ . Since
⋂
j1〈yp
j 〉F = 1 the map θ˜ is injective. Together with the fact that ρ
is injective this implies that θ is injective as required. 
5. Orientable surface pro-p groups
Corollary 5.1. Every orientable surface pro-p group
Gd =
〈
x1, . . . , x2d
∣∣ [x1, x2] . . . [x2d−1, x2d] = 1〉,
where d is even, is residually free pro-p. In particular Gd is residually torsion-free nilpotent pro-p.
Proof. The group Gd is a free amalgamated pro-p product of F1 and F2, where F1 is a free pro-p
group with a basis x1, . . . , xd and F2 is a free pro-p group with a basis xd+1, . . . , x2d i.e.
Gd = F1
∐
[x1,x2]...[xd−1,xd]=[x2d,x2d−1]...[xd+2,xd+1]
F2.
We identify F1 and F2 with a free pro-p group F with basis y1, . . . , yd via the identiﬁcation that
sends xi and x2d−i to yi . Then
Gd  F
∐
C
Fa ⊆ F
∐
C
A,
where C is the procyclic subgroup of F generated by [y1, y2] . . . [yd−1, yd] and A = C × 〈a〉, 〈a〉  Zp .
By Theorem 4.1 F
∐
C A is residually free pro-p, hence Gd is residually free pro-p. 
Corollary 5.2. Every orientable surface pro-2 group
Gd =
〈
x1, . . . , x2d
∣∣ [x1, x2] . . . [x2d−1, x2d] = 1〉,
is residually free pro-2. In particular every Gd is residually torsion-free nilpotent pro-2.
Proof. First by the previous corollary we may assume that d is odd. Note that the trivial Zp[[Gd]]-
module Zp has a free resolution
0 → Zp[[Gd]] → Zp[[Gd]]2d → Zp[[Gd]] → Zp → 0,
hence the Euler characteristic χ(Gd) = 2 − 2d depends only on d. On other hand an open subgroup
of the orientable pro-p surface group H = G2k = 〈x1, . . . , x4k | [x1, x2] . . . [x4k−1, x4k]〉 is again a pro-p
group of the same type i.e. a pro-p completion of an abstract orientable surface group. Let M be a
subgroup of H of index 2s . Then χ(M) = 2sχ(H) = 2s(2 − 4k) = 2 − 2d for d − 1 = 2s(2k − 1). Then
M  Gd .
Note that for any odd number d there are unique positive integers s,k such that d−1= 2s(2k−1).
Then by Corollary 5.1 H = G2k is residually free pro-2, hence M is residually free pro-2. This completes
the proof. 
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Theorem 6.1. Let F0 be a free pro-p group of ﬁnite rank and G be the free pro-p product F0
∐
Z
2
p . Then G is
residually free pro-p. In particular G is residually torsion-free nilpotent pro-p.
Proof. Let F2 be a free pro-p group with basis {x, y}. Then by the universal property of free amalga-
mated pro-p products we have
(
F2
∐
F0
)∐
〈y〉
(〈y〉 × Zp) F0∐(F2∐
〈y〉
(〈y〉 × Zp)).
By [11] free amalgamated pro-p products over procyclic subgroups are proper, so Z2p  〈y〉 × Zp
embeds in F2
∐
〈y〉(〈y〉×Zp). Then G = F0
∐
Z
2
p = F0
∐
(〈y〉×Zp) embeds in F0∐(F2∐〈y〉(〈y〉×Zp)).
We claim that there is a basis {x1, . . . , xs} of the free pro-p group F = F2∐ F0 such that
y = [x1, x2]t,
where t belongs to {x3, . . . , xs}, and hence the image of x2 in F/〈y〉F is non-trivial. Indeed let x1, x2, y
be a part of a basis of F . Then x1, x2, t = [x2, x1]y is a subset of a basis {x1, x2, x3 = t, . . .} of F .
Finally we can apply Theorem 4.1 to deduce that (F2
∐
F0)
∐
〈y〉(〈y〉×Zp) is residually free pro-p.
Hence F0
∐
(F2
∐
〈y〉(〈y〉 × Zp)) is residually free pro-p, so its closed subgroup G is residually free
pro-p as well. 
7. Fully residually free pro-p groups
Proposition 7.1. Suppose that G is a residually free pro-p group and F2 is a free pro-p group of rank 2. Then
the following conditions are equivalent:
1. G is fully residually free pro-p;
2. G does not have a closed subgroup isomorphic to F2 × Zp ;
3. G is commutative transitive i.e. for every g ∈ G \ {1} the centralizer CG(g) is abelian;
4. G is CSA i.e. every closed maximal abelian subgroup of G is malnormal.
If G has trivial center the following condition can be added to the above list:
5. G does not have a closed subgroup isomorphic to F2 × F2 .
If G is non-abelian the following condition can be added to the above list:
6. for every g ∈ G \ {1} and Ng the normal closed subgroup of G generated by g the centralizer CG(Ng) = 1.
Proof. In the abstract case the equivalence between the different conditions stated above (with Zp
substituted with Z) was proved in several of the results from [1] i.e. 1 is equivalent with 2 is
[1, Theorem 3], 1 is equivalent with 3 is [1, Theorem 1], 1 is equivalent with 5 is [1, Theorem 4],
1 is equivalent with 6 is [1, Theorem 2] and 3 is equivalent with 4 follows immediately from the
deﬁnition of malnormality.
It is worth mentioning that the proofs in [1] of the equivalence of the above conditions in the
abstract case use general constructions like centralizers, subgroups and the result that two generated
abstract non-abelian residually free group is free [2, Lemma 1] but do not use combinatorial proper-
ties of words in abstract groups. Note that [2, Lemma 1] holds for pro-p groups: for a non-abelian
residually free pro-p group M generated by two elements, say x and y, there is some image F of M
such that F is free pro-p and the image of [x, y] in F is non-trivial. Then F is free of rank two and
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by closed subgroups and Z by Zp . 
A Demushkin group D is a ﬁnitely generated pro-p group such that H2(D,Fp) = Fp and the
product
∪ : H1(D,Fp) × H1(D,Fp) → H2(D,Fp)  Fp
is a non-singular bilinear product. Such a group D if inﬁnite is a pro-p Poincare duality group of
dimension 2 [10, 3.7.6].
Lemma 7.2. Every inﬁnite Demushkin group G is transitive commutative. In particular any orientable surface
pro-p group of any genus is transitive commutative.
Proof. Let g ∈ G \ {1}. We claim that CG(g) is abelian. Indeed if CG(g) has ﬁnite index in G then
CG (g) is a Demushkin group with non-trivial center, hence CG(g)  Z2p . If CG(g) has inﬁnite index in
G then CG(g) is free pro-p with non-trivial center, so CG(g)  Zp . 
Theorem 7.3. Every orientable surface pro-p group
Gd =
〈
x1, . . . , x2d
∣∣ [x1, x2] . . . [x2d−1, x2d] = 1〉,
is fully residually free pro-p provided d is even or p = 2.
Proof. By Lemma 7.2 Gd is transitive commutative. Then by Corollary 5.1, Corollary 5.2 and Theo-
rem 7.1 Gd is fully residually free pro-p. 
Theorem 7.4. Let F0 be a free pro-p group of ﬁnite rank. Then G = F0∐Z2p is fully residually free pro-p.
Proof. By the proof of Theorem 6.1 the pro-p group G belongs to the class L deﬁned in [6]. Then G
is transitive commutative. Then by Theorem 6.1 and Theorem 7.1 G is fully residually free pro-p. 
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